Exotic pairing via a central attraction: from the BCS to the Bose limits by Quintanilla, J. et al.
ar
X
iv
:c
on
d-
m
at
/0
10
62
50
v2
  [
co
nd
-m
at.
su
pr
-co
n]
  2
 Se
p 2
00
2
Exoti pairing via a entral attration: from the BCS to the Bose limits
Jorge Quintanilla,
1, 2, ∗
Balazs L. Györy,
1
James F. Annett,
1
and Jonathan P. Wallington
1
1
H.H. Wills Physis Laboratory, University of Bristol, Tyndall Av., Bristol BS8 1TL, U.K.
2
Departamento de Físia en Informátia, Instituto de Físia de São Carlos,
Universidade de São Paulo, Caixa Postal 369, São Carlos SP 13560-970, Brazil
In the ontext of a simple model featuring an expliit, entral interation potential, and using a
standard funtional-integral tehnique, we study superondutivity with angular momentum quan-
tum number l = 2 as an emergent property of the many-body system. Our interation potential
is attrative at a nite distane r0, and the breaking of the rotational symmetry is the result of
an interplay between r0 and the inter-partile distane rs whih we deem generi to interations of
this type. However suh interplay, responsible for the preferene of a d-wave state for a range of
intermediate densities, takes plae only in the BCS limit. In ontrast, as the Bose-Einstein (BE)
limit is approahed the internal energy of the preformed pairs beomes the dominant ontribution
and there is a quantum phase transition in whih the s-wave symmetry is restored. We also nd
that the limiting value of the ritial temperature is kBTc → 3.315 h¯
2/2m∗ [n/2 (2l + 1)]2/3 , whih
oinides with the usual result only for l = 0; for l > 0, it diers in the degeneray fator 1/ (2l + 1),
whih lowers Tc. Our results thus plae onstraints on exoti pairing in the BE limit, while at the
same time indiating a partiularly interesting route to pairing with l > 0 in a BCS superondutor.
I. INTRODUCTION
It is a surprising onsequene of BCS theory
1
that
ertain entral interation potentials V (|r− r′|) lead to
Cooper pairing with a nite value of the angular mo-
mentum, thus breaking the rotational symmetry of the
ontinuum
2
. The phenomenon is analogous to what
happens in Hubbard models with attration between
nearest-neighbours for whih, as is well known
3
, d-
wave pairing an break the symmetry of the rystal lat-
tie. However, it is espeially interesting in the original
ontext
2
of a ontinuum model, beause of the ontrast
with the well-known theorem
4
for two-body pairing in
real spae, whih demands that the ground state min-
imizes the orbital angular momentum. This rotational
symmetry breaking is thus a many-body eet, and one
expets that in the limit of low densities and strong at-
tration, when the BCS ground state is a Bose-Einstein
(BE) ondensate of non-overlapping pairs
5,6,7,8
, the ro-
tational symmetry of the system is restored. However
until now investigations of the BCS to Bose rossover
for non s-wave pairing were performed either in the
ontext of lattie models (see Ref. 3 for a review and
Refs. 9,10,11,12,13,14 for some examples of reent work)
or for the anisotropi interation potential of Ref. 15.
54
In this paper we take a slightly dierent approah
by studying a ontinuum model, but hoosing to work
with an expliit, entral interation potential V (|r− r′|)
whih an lead to pairing with more than one value of the
angular momentum: the delta-shell potential
16,17
. The
resulting delta-shell model (DSM) aptures, in an ide-
alised way, the essential feature leading to Cooper pairing
with nite value of the angular momentum, namely be-
ing attrative at a well-dened, nite distane
18
. Thus
we expet some of the novel features that we shall de-
sribe, pertaining to the mehanisms by whih the rota-
tional symmetry is broken in the BCS limit and restored
in the BE limit, to be generi to a large lass of en-
tral eetive interations. In partiular we shall see that
for suh models the evolution of a BCS superondutor
with exoti pairing towards the BE limit involves a phase
transition in whih the symmetry of the superonduting
order parameter is inreased. This adds to the work by
Babaev and Kleinert
19
who also found, in the ontext of a
hiral Gross-Neveu model, a phase transition assoiated
with the BCS to Bose rossover. However the nature of
the phase transition that we desribe here is quite dier-
ent, as it takes plae in the superonduting state, while
that of Babev and Kleinert orresponds to the formation
of preformed pairs in the normal state.
II. THE DELTA-SHELL MODEL
The rst disussions of exoti Cooper pairing
2
took
plae in the ontext of the weak-oupling theory of su-
peruid
3
He. It was assumed that there existed a entral,
non-retarded interation potential V (|r− r′|) ating be-
tween partiles at positions r and r′. One then writes
V (k− k′) =
∞∑
l′=0
Kl′ (|k| , |k′|) (2l′ + 1)Pl′
(
kˆ.kˆ′
)
, (1)
where V (k− k′) ≡ ∫ d3r ei(k−k′).r V (r− r′), and nds
that eah of the terms in this series leads to pairing with a
dierent value of the angular momentum quantum num-
ber, l. As it an, and has been, argued, in the weak-
oupling limit one an approximate
V (k− k′) ≈ Kl (2l+ 1)Pl
(
kˆ.kˆ′
)
(2)
where l is the value of l′ for whih the oupling onstant
on the Fermi surfae,
Kl′ ≡ Kl′ (kF , kF ) , (3)
2is largest. The approximate form (2) of the potential
V (k− k′) is, for l > 0, anisotropi, and it leads to pair-
ing with nite angular momentum quantum number l
(see Ref. 2). For l = 0, it redues to the BCS ontat
potential
1
, leading to s-wave pairing. Although intro-
dued in the ontext of a weak-oupling theory, the on-
tat potential has often been used to study the BCS to
Bose rossover
20,21,22,23,24,25,26,27,28,29
. Similarly, Stintz-
ing and Zwerger have onsidered a simplied potential
of the form (2) with l = 2 to study the BCS to Bose
rossover for pairs with dx2−y2 symmetry
15
(but in two
dimensions, and with the additional assumption of sepa-
rability to make it more tratable). One of the key results
of this later work
15
was that the ritial temperature is
given, in the BE limit, by the same expression as in the
s-wave ase8,21,22:
kBTc ≈ 3.315 h¯
2
2m∗
(n
2
)2/3
for s and dx2−y2 pairing (4)
Although very useful, the above approah is not ap-
propriate to study the question that we are interested in
here, sine it introdues a partiular pairing symmetry
at the level of the interation potential. In ontradistin-
tion, we want to nd pairing with l > 0 as an emergent
property of the many-body system. Moreover, we would
expet, on the basis of the above arguments, to reover
l = 0 pairing in the BE limit, in whih the internal stru-
tures of the Cooper pairs are independent. This physis
seems also to be absent from those studies, as Eq. (4)
suggests that the ritial temperature is degenerate for s
and dx2−y2 superondutivity.
An alternative strategy is to do the alulations tak-
ing the full r-dependene of V (r) into aount. A study
of this type was arried out by Andrenai et al.
11
who
took a Gaussian form for V (r). This allowed them to
investigate the properties of the rossover at nite den-
sities (in ontrast, as is well known, the proedure re-
quired to regulate the ultraviolet divergenes assoiated
with simplied potentials of the form (2) at all ouplings
is only valid in the dilute limit
30
). They also onsidered
the highly idealised separable potential introdued in the
seminal paper by Nozières and Shmitt Rink
8
, whih has
been employed in several other instanes
28,29
on aount
of its mathematial simpliity (but note that this is not,
stritly speaking, a entral potential). However in either
ase there was no rotational symmetry breaking: even at
high densities they only obtained s-wave superondutiv-
ity (the disussion of dx2−y2 superondutivity in Ref. 11
is based on a lattie model).
On the other hand, a simple argument
18
based on the
BCS gap equation suggests that l > 0 Cooper pairing
is assoiated with entral potentials V (r) that are non-
monotoni funtions of r, with maximum attration near
some nite distane, r ∼ r0 > 0. The delta-shell poten-
tial was proposed in Ref. 18 as the simplest form of V (r)
that has this feature:
V (|r− r′|) = −gδ (|r− r′| − r0) (5)
V
(
)
r
rc
r0
r
V( )r0
Figure 1: The delta-shell interation potential. Left: the two
partiles attrat eah other only when eah of them lay on
a thin shell, of radius r0, entered on the other one. Right:
The delta-shell interation potential an be regarded as an
approximation to any entral potential that is attrative only
near some distane r0 (see text).
The resulting DSM an be regarded as the ontinuum
analogue of the lattie model with nearest-neighbour at-
tration disussed in Refs. 3,10,11,12,14, for example.
But note that in the DSM the distane r0 at whih the
fermions attrat eah other is a free parameter that an
be varied ontinuously, and the non-interating disper-
sion relation is that of free fermions with an eetive
mass m∗.
The delta-shell potential an also be onsidered an ap-
proximation to any entral potential that is attrative
only within a range of distanes entred at r0, of width
rc ≪ r0, sine Eq. (5) is equivalent to performing, in the
general expression
Kl (|k| , |k′|) = (−1)l
∫ ∞
0
dr4pir2jl (|k| r) V (r) jl (|k′| r) ,
(6)
valid for any entral potential (jl (x) denotes a spherial
Bessel funtion), the approximation∫ ∞
0
dr 4pir2 jl (|k| r) V (r) jl (|k′| r)
≈ rc 4pir20 jl (|k| r0) V (r0) jl (|k′| r0) (7)
whih orresponds to taking the limit rc → 0 while keep-
ing V (r0)× rc = constant ≡ −g (g thus has dimensions
of energy × length). A partiularly simple example of
this is the square well of Fig. 1.
The two-body problem assoiated with the delta-shell
potential is very well-known (see Refs. 16,17, for ex-
ample). In partiular, it an bind a pair in free spae
with any value of l = 0, 1, 2, . . . To simplify mat-
ters, we will assume that the attration takes plae
between partiles with opposite spins. Finally, in k-
spae the delta-shell potential is given by V (k− k′) =
−g4pir20 sin (|k− k′| r0) / |k− k′| r0, from whih it is evi-
dent that it redues to the ontat potential in the limit
r0 → 0 (keeping g4pir20 equal to −K0). Interestingly, the
delta-shell potential, for any nite r0, does not display
the ultraviolet divergenes aeting the ontat poten-
tial.
We will study the BCS to Bose rossover in this new
model using the standard funtional-integral tehnique
3of Refs. 21,22,30,31. At zero temperature, it implies a
desription of the system in the saddle-point approxima-
tion, whih amounts to using the BCS ground state
30
(as
in Refs. 7,8,10,11,14, for example). Thus our results for
the ground state will be approximate, but of variational
signiane. At the ritial temperature, Gaussian u-
tutations about the saddle point are taken into aount
as in Refs. 15,21,22 (as is well-known
30
this is equivalent
to the RPA-like diagrammati tehnique introdued by
Nozières and Shmitt-Rink
8
). This approah is rather
limited in that, in the strong-oupling limit, it neglets
interations between the preformed pairs, existing above
Tc, and so it an only desribe the eet of utuations
on the superonduting instability at low densities
25,26
.
Nevertheless as we shall see it is enough to disuss the ro-
tational symmetry breaking in the weak-oupling limit,
in whih the utuations are negligible, as well as the
mehanism by whih the ritial temperature beomes
larger for s-wave pairs in the BE limit (at strong ou-
pling and low densities). The appliation of these stan-
dard methods to the DSM is fairly straight-forward, so
we will quote here only the key expressions; details an
be found in Ref. 32.
Our model has four parameters: the distane r0 at
whih the attration takes plae, the oupling onstant
g, the density of fermions n and their mass m∗. In
priniple, the BCS ground state an be haraterized
by the dependene of the zero-temperature gap fun-
tion ∆k and hemial potential µ on these four param-
eters. Likewise, the superonduting instability an be
desribed by giving the ritial values of the tempera-
ture Tc and hemial potential µc in terms of r0, g, n,m
∗
.
However the DSM has the remarkable property that the
four energies ∆k, µ, kBTc , µc, resaled by the loali-
sation energy ε0 ≡ h¯2/2m∗r20 (whih we will denote
∆˜k˜, µ˜, T˜c , µ˜c, where k˜ ≡ r−10 k), are funtions of only
two parameters: the dimensionless oupling onstant
g˜ ≡ (ε0r0)−1 × g and the number of fermions in a sphere
of radius r0: n˜ ≡ (4pi/3) r30 × n.
III. GROUND STATE
The kernel Kl′ (|k| , |k′|) in Eq. (1) is given by
Kl (|k| , |k′|) = −g4pir20 (−1)l jl (|k|) jl (|k′|) (8)
Thus although evidently the delta-shell potential is en-
tral and therefore not separable in the sense of the NSR
potential, it an be written as a sum of separable terms,
eah one orresponding to a dierent value of l. Aord-
ingly the gap funtion ∆˜
k˜
, at the saddle point, has the
following form:
∆˜
k˜
≡
∞∑
l=0
l∑
m=−l
∆˜l,mjl (|k| r0) Yl,m
(
kˆ
)
In terms of the amplitudes ∆˜l,m the usual gap and
density equations, for a homogeneous, stationary, non-
polarised state with singlet pairing (∆˜l,m ≡ 0 for odd l),
read
∆˜lm =
∑
l′,m′


∫
d3k˜
(2pi)
3
g˜Λ˜lm,l′m′
(
k˜
)
2E˜
k˜

 ∆˜l′m′ (9)
n˜ =
∫
d3k˜
6pi2
(
1− ε˜k˜
E˜k˜
)
(10)
where ε˜
k˜
≡ k˜2 − µ˜, E˜
k˜
≡
√
ε˜
k˜
+
∣∣∣∆˜k˜∣∣∣2 and
Λ˜lm,l′m′
(
k˜
)
≡ (4pi)2 jl
(∣∣∣k˜∣∣∣) jl′ (∣∣∣k˜∣∣∣)Y ∗lm (kˆ)Yl′m′ (kˆ)
To assess the relative stability of dierent solutions to
the self-onsisteny problem (9,10), orresponding to the
same values of g˜ and n˜, one has to ompare the orre-
sponding ground-state energies:
U˜ =
∫
d3k˜
6pi2
∣∣∣k˜∣∣∣2
(
1− ε˜k˜
E˜k˜
)
−
∑
l,m
∣∣∣∆˜l,m∣∣∣2
12pig˜
− 3
4
g˜n˜2 (11)
Evidently Eq. (9) is an innite system of non-linear
integral equations with, presumably, an innite number
of non-trivial solutions and there is no systemati way
of nding all of them. Nevertheless a ertain subset, se-
leted by the requirement that all but a few of the ∆˜l,m
are equal to zero, an be explored systematially. Sine
the eetive oupling onstant in the weak-oupling limit,
Eq. (3), is (for even l)
Kl = −g4pir20 jl (kF r0)2 (12)
it is lear that for small g˜, and within the range of den-
sities for whih kF r0 <∼ 5, we an restrit our attention
to the rst two values of l = 0, 2 (see Fig. 2). These
are the two-body states with lowest energy (existing at
g˜ ≥ 2, 10, respetively16,17), and therefore this simpli-
ation is also valid for our purposes in the BE limit.
Moreover, for simpliity we will onsider d-wave states
with a partiular symmetry, hoosing dx2−y2 whih has
been extensively studied in other models
3,10,11,12,14,15
on
aount of its relevane to uprate superondutivity
33
.
For our two trial ground states the gap funtion has
the following form, respetively:
∆˜s
(
k˜
)
≡ ∆˜sj0
(∣∣∣k˜∣∣∣)Y00 (13)
∆˜d
x2−y2
(
k˜
)
≡ ∆˜d
x2−y2
j2
(∣∣∣k˜∣∣∣)× (14)
× 1√
2
[
Y2,2
(
kˆ
)
+ Y2,−2
(
kˆ
)]
Note that this is a more ompliated k-dependene than
that of gap funtions arising from interations of the form
(2), whih depend only on the angle kˆ. In partiular, the
gap funtion an hange sign as k inreases in the radial
40.0001
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Figure 2: The strength of the attration in the BCS limit for
pairing with the rst four even values of the angular momen-
tum quantum number, l = 0, 2, 4, 6.
diretion of inreasing |k|, not just as the angle kˆ is var-
ied: see Fig. 3. The osillatory behaviour as a funtion of
|k| an be regarded as a diret onsequene of the singling
out of a partiular distane by the attrative interation
(5). More generally, we expet these osillations, of fre-
queny ∼ 1/r0, to be a generi feature of interations
that are attrative predominantly at some nite distane
r0.
Substitution of Eq. (13) (Eq. (14)) into the self-
onsisteny problem (9,10) yields a muh simpler prob-
lem, whih an be solved numerially for every value of
g˜ and n˜.
For low values of g˜, we nd that µ˜ ≫ ∆˜s (µ˜ ≫
∆˜d
x2−y2
). This is the usual weak-oupling ondition
8
haraterising the BCS limit, and onsequently the nu-
merial results display the usual generalised BCS law
34
∆˜s ∝ exp {1/NK0} (∆˜d
x2−y2
∝ exp {1/NK2}) where N
is the free-fermion density of states, per spin, per unit
volume. To illustrate this by an example, Fig. 4 shows
∆˜d
x2−y2
vs g˜ for onstant n˜ = 7.5. In this regime,
the non-monotoni dependene of the eetive weak-
oupling onstant Kl on the resaled Fermi vetor kF r0
(given in Eq. (12); see also Fig. 2) leads to the simi-
larly non-monotoni dependene of ∆˜s and ∆˜x2−y2 on
n˜ = (4/9pi) (kF r0)
3
shown in Fig. 5.
55
On the other hand, for large values of g˜ we obtain
µ˜≪ −∆˜s (µ˜≪ −∆˜d
x2−y2
), whih is the opposite strong-
oupling ondition, orresponding to the BE limit
8
. Thus
as g˜ is inreased, while keeping n˜ onstant, µ˜ goes from
being approximately independent of g˜, and equal to ε˜F
(≡ the Fermi energy εF ≡ h¯2k2F /2m∗ divided by ε0), to
having the behaviour
µ˜ ≈ ε˜
l
b
2
(15)
where ε˜lb is the binding energy of the two-body bound
state with angular momentum quantum number l = 0, 2
(given analytially in Refs. 16,17, for example), divided
by ε0. This evolution of the hemial potential is repre-
sented in Fig. 6, for the dx2−y2 trial ground state (the
positive oset of µ˜ above ε˜lb/2 that an be seen in the
graph beomes very small, ompared to ε˜lb/2, only at
larger values of g˜ than those shown; additionally, it tends
to zero as n˜→ 0).
As is well known
7,8
the qualitative hange of the
ground state from BCS-like to BE-like behaviour ours
when the hemial potential goes below the bottom of the
band i.e. µ˜ = 0. Fig. 7 shows two superimposed harts
of the rossover, for the s and dx2−y2 ground states, ob-
tained using this ondition. The harts inlude also two
additional boundaries for eah trial ground state, orre-
sponding to µ˜ = ∆˜s, ∆˜d
x2−y2
and µ˜ = −∆˜s,−∆˜d
x2−y2
,
whih indiate the extent of the rossover region be-
tween the BCS and BE limits. These harts are very
similar to the ones presented in Ref. 11 for s-wave pair-
ing via the the NSR and Gaussian potentials, suggesting
that the density-driven rossover behaviour desribed in
that referene is generi to ontinuum models. The main
dierene that we observe for dx2−y2-wave pairing is the
enlarged BCS region at low densities, due to the higher
value of the oupling onstant required for a two-body
bound state. The osillations of the boundary between
the BCS and rossover regions at high densities are di-
retly related to the non-monotoni densitiy-dependene
shown in Fig. 5.
Evidently, Fig. 5 suggests that at intermediate den-
sities, at whih ∆˜d
x2−y2
≫ ∆˜s, the energy of the trial
ground state with l = 2 is lower than for l = 0. The
preise value of the density at whih this breaking of the
rotational symmetry takes plae, and the higher value at
whih the symmetry is restored, are given, in the limit of
small g˜, by the rst two positive solutions of the following
equation:
j0
(
k˜F
)2
= j2
(
k˜F
)2
(16)
where k˜F ≡ kF r0. These an be determined from Fig. 2.
On the other hand, for large g˜ the system is always in
the BE regime, in whih the energy (11) takes the form
U˜ = 1
2
n˜ε˜lb −
3
4
g˜n˜2 (17)
Sine the Hartree term −3/4g˜n˜2 is independent of l, at
rst sight this equation suggests that the l = 0 trial
ground state, for whih ε˜lb is lower
4
, must have lower en-
ergy, however note that in general lim
(
U˜s − U˜d
x2−y2
)
6=
lim U˜s − lim U˜d
x2−y2
(where U˜s and U˜d
x2−y2
are the ener-
gies of the two trial ground states and the limit refers to
taking µ˜≪ −∆˜s,−∆˜d
x2−y2
in Eq. (11)). In fat there is
an additioanl positive ontribution to the energy, similar
to the positive oset of the hemial potential, with re-
spet to εlb/2, seen in Fig. 6, whih does not appear in
Eq. (17) beause it varies slowly with g˜ and therefore be-
omes negligible for suiently large g˜ (just like the oset
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Figure 3: The zeroes (dashed lines) and sign (+ and - symbols) of the gap funtion ∆k on the (kx, ky) and (kx, kz) planes,
for (a) the trial ground state with s symmetry and (b) the one with dx2−y2 symmetry.
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Figure 4: Evolution of the amplitude of the gap funtion for
the dx2−y2 trial ground state, as a funtion of g˜, for xed
n˜ = 7.5.
of µ˜). This repulsion is dierent for pairs with dierent
internal strutures, and so it is only in the n˜ → 0 limit
whih Eq. (17) allows us to onlude that the l = 0 state
is preferred at high g˜. At nite densities, the energies
have to be evaluated numerially. Nevertheless the result,
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Figure 5: Evolution of the amplitude of the gap funtion for
the s and dx2−y2 trial ground states with inreasing value of
n˜, for xed g˜ = 2.
shown in Fig. 8, onrms our expetations: between the
two densities given by Eq. (16) the dx2−y2 trial ground
state is more stable, thus breaking the rotational sym-
metry of the system, but only for relatively small values
of the oupling onstant. As g˜ is made larger, the range
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Figure 6: Evolution of the hemial potential for the dx2−y2
trial ground state, as a funtion of g˜, for xed n˜ = 7.5.
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Figure 7: Chart of the BCS to Bose rossover for the trial
ground state with s pairing (solid lines) and the one with
dx2−y2 pairing (dashed lines). The thiker lines are where
the hemial potential goes below the bottom of the band,
while the thinner lines give an indiation of the extent of the
rossover region (see text).
of densities in whih this symmetry is broken beomes
progressively smaller until, above some ritial value of
g˜ ∼ 14, the system prefers the s state at all densities.
Thus the region in parameter spae in whih the rota-
tional symmetry is broken is relatively small. In partiu-
lar, it is onned to the BCS side of the rossover diagram
i.e. µ˜ > 0 everywhwere inside the dx2−y2 region.
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IV. CRITICAL TEMPERATURE
Unlike the theory of the ground state that of the equi-
librium phase at nite temperatures does not follow from
the usual BCS theory when the superonduting insta-
bility orresponds to the BE ondensation of preformed
pairs (PP). To desribe suh situation one must go
beyond the mean-eld theory and inlude utuations.
This is most readily done within the framework of a path
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Figure 8: Phase diagram of the relative stability of trial
ground state with s and d
x2−y
2 pairing symmetry. The dashed
lines indiate the position of the phase boundary in the g˜ → 0
limit, given by Eq. (16).
integral representation of the partition funtion Z35,36.
We shall now proeed following this approah and keep-
ing only the lowest signiant orretions to the mean
eld theory. Namely, we start with a Grassman path-
integral representation of Z for the eletrons, implement
the usual Hubbard-Stratonovih transformation
35,36,37
to
a funtional integral over a omplex pairing eld ∆ and,
nally, expand the eetive ation for the utuations,
Sb [∆
∗,∆], about the saddle point of the funtional inte-
gral above Tc to quadrati (Gaussian) order
12,15,21,22,31
.
This is a well-tied approximation for the problem at
hand
30
and therefore suitable for studying the eets of
pairing utuations on Tc in our partiular model. In
short, using Eqs. (1,8) to write the Hamiltonian as
Hˆ − µNˆ =
∑
k,σ
εkcˆ
+
k,σ cˆk,σ +
∑
l,m,q
Vl
L3
bˆ+l,m,qbˆl,m,q(18)
(where L3 is the sample volume and Vl ≡
(−1)l+1 g (4pir0)2) suggests that we introdue bosoni
elds ∆l,m,q (ων) onjugate to the operators
bˆ+l,m,q ≡
∑
k
jl (|k| r0)Yl,m
(
kˆ
)
cˆ+
q/2+k↑cˆ
+
q/2−k↓ (19)
bˆl,m,q ≡
∑
k
jl (|k| r0)Y ∗l,m
(
kˆ
)
cˆq/2−k↓cˆq/2+k↑ (20)
whih evidently reate and annihilate, respetively, a pair
with total momentum q and angular momentum quan-
tum numbers l,m. As usual, the momentum and fre-
queny dependene of the elds aptures the dynamis
of the bosoni degrees of freedom. The additional l,m-
dependene reets the fat that our expliit interation
potential an bind pairs with dierent internal strutures.
Obviously the ∆l,m of the previous setion orrespond
to a homogeneous, stationary onguration of the elds,
∆l,m,q (ων) ≡ δq,0∆l,m.
7Proeeding in the usual way
12,15,21,22,31
we obtain
Sb [∆
∗,∆] = β
∑
qν
∑
l,l′
∑
m,m′
∆∗l,m,q (ων)×
×Γ−1l,m,l′,m′ (q, iων)∆l′,m′,q (ων) (21)
where the sum on l, l′ extends only over values of the an-
gular momentum quantum number with the same parity
(both even or both odd), β ≡ 1/kBT is the inverse tem-
perature and the ων ≡ 2νpi/β are bosoni Matsubara
frequenies. To further simplify the problem, and fail-
itate the disussion of the BE limit, we follow the pro-
edure employed by Zwerger and oworkers
15,21
to write
a low-frequeny, low-momentum expansion of the inverse
propagator for the preformed pairs:
Γ−1l,m,l′,m′ (q, iων) / [dl (β, µ) dl′ (β, µ)]
1/2
=
−iων + ∑
i=x,y,z
h¯2q2i
2mb,iil,m,l,m (β, µ)
− µbl (β, µ)

 δl,l′δm,m′
+

 ∑
i,j=x,y,z
h¯2qiqj
2mb,ijl,m,l′,m′ (β, µ)

 (1− δl,l′δm,m′) (22)
Thus after appropriate resaling of the bosoni elds the
known funtions mb,ijl,m,l′,m′ (β, µ) and µ
b
l (β, µ) play the
rle of eetive boson masses and hemial potentials, as
in Refs. 8,15,21,22, for example. These two funtions,
and the resaling fator dl (β, µ), are given in the ap-
pendix.
Note the dierent hemial potentials for bosons with
dierent values of the angular momentum. Moreover, the
anisotropi dispersion relation given by mb,ijl,m,l′,m′ (β, µ)
an desribe not only the rigid propagation of a boson
without hanging its internal state, but also hanges in
its internal angular momentum through the o-diagonal
terms, with l,m 6= l′,m′. However in the BE limit,
whih as usual orresponds to µβ → −∞, we have
mb,ijl,m,l′,m′ (β, µ) → ∞ for l,m 6= l′,m′, and there-
fore in what follows we shall ignore these o-diagonal
terms (for l,m = l′,m′, on the other hand, we re-
over the expeted behaviour
8,15,21,22
: mb,il,m (β, µ) ≡
mb,iil,m,l,m (β, µ)→ 2m∗).
As usual, Tc is determined by the BE ondensation
ondition µbl (β, µ) = 0. This gives a dierent ritial
temperature for eah value of l. On the other hand Tc
is degenerate in m = −l . . . l, as in BCS theory2. Sine
the present method an only desribe an instability of the
normal state, our philosophy will be to ompute the l = 0
and l = 2 ritial temperatures and then take the high-
est of the two as the ritial temperature of the system.
Moreover we will assume that, near the ritial temper-
ature, only utuations with the appropriate value of l
have to be taken into aount. This is only adequate if
the l = 0 and l = 2 ritial temperatures dier onsid-
erably, whih as we shall see is the ase in the BE limit.
Of ourse in the opposite, BCS limit the utuations an
be negleted ompletely.
Under the above assumptions the Tc and density
equations take the form
1
g˜
= (−1)l 2
pi
∫ ∞
0
d
∣∣∣k˜∣∣∣ ∣∣∣k˜∣∣∣2 jl (∣∣∣k˜∣∣∣)2 1− 2f
(
β˜ε˜k˜
)
2ε˜
k˜
(23)
n˜ = n˜0 +
∑
m
δn˜l,m (24)
where n˜0 =
4
3pi
∫∞
0 d
∣∣∣k˜∣∣∣ ∣∣∣k˜∣∣∣2 f (β˜ε˜k˜) is the density of
fermions that are unpaired above Tc and the additional
ontribution oming from Gaussian utuations is made
up of terms of the form
δn˜l,m =
4
3pi
∫ ∞
0
d |q˜| |q˜|2 g
(
β˜
|q˜|2
2
)
w˜ (|q˜|) (25)
whih orrespond to fermions bound in PP with angular
momentum given by l,m. The notations f (x) and g (x)
have been used for the Fermi and Bose distributions fun-
tions, respetively. The weight w˜ (|q˜|) is given by
w˜ (|q˜|) ≡
(
3∏
i=1
m˜b,il,m
)1/2
×
×
[
1 +
1
d˜l
(
d˜′l
d˜l
λ˜l − λ˜′l
)
1
3
(∑
i
κil,mm˜
b,i
l,m
)
|q˜|2
2
]
(26)
where the dimensionless funtion λ˜l
(
β˜, µ˜
)
and the fa-
tor κil,m are dened in the appendix and eah primed
represents dierentiation with respet to µ˜. This weight
beomes unity in the BE limit µβ → −∞, orresponding
to bosons of mass 2m∗ eah.
Numerial solution of the self-onsisteny equations
(23,24) for β˜ and µ˜, at the relatively low value of the
density n˜ = 0.5, shows the expeted8,15,21,22 smooth evo-
lution between the BCS and BE limits, analogous to the
one seen in the ground state: see Fig. 9. In partiular, we
nd that the ritial temperature for angular momentum
quantum number l is
T˜ lc ∝ exp {1/NKl} (27)
for small g˜ but saturates to a onstant value given by
kBTc ≈ 3.315 h¯
2
2m∗
[
n
2 (2l + 1)
]2/3
(28)
in the large-g˜ limit. This asymptoti behaviour follows
quite generally from the self-onsisteny Eqs. (23,24).
Notably, Eq. (28) diers from the standard result (4)
in the presene of the degeneray fator 1/ (2l+ 1) mul-
tiplying the density of bosons n/2. For an instability to
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Figure 9: The ritial temperature for an instability to a su-
peronduting state with l = 0 (solid line) and l = 2 (dashed
line), as a funtion of g˜, for xed n˜ = 0.5. The inreasing
dotted lines are obtained by negleting the ontribution of
Gaussian utuations to the total density, i.e. the seond
term on the right-hand side of Eq. (24), while the onstant
dotted lines are the BE ondensation temperature given in
Eq. (28).
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Figure 10: The ritial temperature for an instability to a su-
peronduting state with l = 0 (solid line) and l = 2 (dashed
line), as a funtion of n˜, for xed g˜ = 3.5. The dotted
lines represent the BE ondensation temperatures given by
Eq. (28).
an s-wave superonduting state, with l = 0, Eq. (28)
redues to Eq. (4) and thus our result for the DSM oin-
ides with those obtained earlier for models featuring the
NSR
8
and ontat
21,22,25
potentials. On the other hand,
the degeneray of the l = 2 bound state means that, at
Tc, ve Bose gases ondense simultaneously, but inde-
pendently, leading to a muh lower ritial temperature.
This is in ontrast with the result for the anisotropi po-
tential of Ref. 15. On the basis of this we onlude that
the l = 0 state always has higher ritial temperature in
the BE limit.
On the other hand, for small values of g˜ (∼ 3.5) we
nd a non-monotoni density-dependene of the s- and
d-wave ritial temperatures similar to the one that we
-0.2
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Figure 11: The fration of fermions that are bound into PP
just above Tc for an instability to a superonduting state
with l = 0 (solid line) and l = 2 (dashed line), as a funtion
of g˜, at the density of Fig. 9.
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Figure 12: The eetive mass of the PP existing just above Tc
for an instability to a superonduting state with l = 0 (solid
line) and l = 2 (dashed line), as a funtion of g˜, for the density
of Fig. 9. For the ase of an instability to a superonduting
state with l = 2, only the heaviest and the lightest of the
masses mb,il,m (orresponding to i = z and |m| = 2 and 0,
respetively) have been plotted.
desribed for the amplitude of the gap funtion in the
respetive trial ground states: see Fig. 10. In partiular,
note that there is an intermediate range of densities for
whih the d-wave ritial temperature is the highest.
As expeted
8,15,21
, the evolution from the BCS to the
Bose limits is also evidened in the fration of fermions
that are bound in PP just above Tc, , δn/n (with δn˜ ≡∑
m δn˜l,m), and in the eetive mass of suh PP, m
b,i
l,m
(see Figs. 11 and 12, respetively): both are negligible
for small g˜, while in the large-g˜ limit we have δn ≈ n and
mb,il,m ≈ 2m∗.
Like any theory based on a Gaussian expansion, the
present one displays a non-monotoni behaviour of the
ritial temperature as a funtion of g˜ in the intermedi-
ate regime (see Fig. 9). Suh enhanement
8,21,22
is not
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Figure 13: The ritial value of the hemial potential for
an instability to a superonduting state with l = 0 (s-wave,
solid line) and l = 2 (d-wave, dashed line), as a funtion of g˜,
for xed n˜ = 0.5. The dotted lines indiate the Fermi energy
ε˜F and the two-body binding energies per partile ε˜
l
b/2.
present
26
in the self-onsistent theory
25
due to Hauss-
mann, suggesting that it is an artifat. It an be un-
derstood in terms of Eq. (28) and Fig. 12 as a result of
the PP getting lighter (mb,il,m
<∼ 2m∗) as the value of g˜
is redued. In the self-onsistent theory, at least for a
model based on the ontat potential, repulsive intera-
tions between the PP overompensate for this, leading to
a monotoni dependene of Tc on the oupling onstant
26
(for a more advaned treatment of these repulsive fores
see Ref. 38; alternative methods to desribe phase utu-
ations and strong pairing orrelations in superondutors
are desribed in Refs. 39 and 13). Suh interations are
ompletely negleted in the present treatment as is evi-
dened for example in Fig. 13 whih shows the evolution
of the hemial potential, laking a positive oset like
the one we found in the ground state (ompare the l = 2
urve of Fig. 13 to Fig. 6). Moreover, the desription of
the Gaussian tuations aorded by Eq. (22) turns out
to be valid only for densities below the rst maximum of
T˜c, as a funtion of n˜. At the maximum, the mass of the
PP (given in Eq. (A9), below) beomes negative, thus
making δn˜ diverge. The present treatment is therefore
only valid at small values of the oupling onstant, for
whih the utuations an be negleted (as in Fig. 10:
the only part of the plot that shows a signiant on-
tribution from utuations is at densities well below the
rst maximum of T˜c) or at low densities, whih are be-
low the rst maximum for all sizeable values of g˜ (as in
Fig. 9).
V. CONCLUSIONS
We have studied exoti pairing in the ontext of a sim-
ple model featuring fermions in a ontinuum with an ex-
pliit, non-retarded, entral interation potential V (r):
the Delta-Shell Model (DSM). Its novel feature is that
the interation is attrative only at some nite distane
r0. Beause of this it provides, to our knowledge, the rst
expliit example of BCS pairing with angular momentum
quantum number l > 0 via a spherially symmetri (en-
tral) attration. By using a standard funtional integral
approah, we have studied this breaking of the rotational
symmetry in relation to the BCS to Bose rossover.
By onsidering two trial ground states, with s and
dx2−y2 symmetries, we have found that the ground state
with broken rotational symmetry is separated from the
BE regime by a quantum phase transition, in whih the
symmetry of the superonduting order parameter is in-
reased. This is due to the higher energy of two-body
bound states with l > 0, and so it an be extrapo-
lated to any entral interation potential. More gener-
ally, for other models (suh as those in whih the single-
partile dispersion relation and the interation potential
are anisotropi), our analysis suggests that a two-body
ground state with dx2−y2 symmetry is required in order
for pairing to take that form in the BE regime. Suh
senario is realised, for example, in a lattie model with
nearest neighbour (n.n.) attration and large next near-
est neighbour (n.n.n.) hopping
40
.
Similarly, the ritial temperature for superondutiv-
ity with angular momentum quantum number l = 0 is
found to be higher than for l = 2 in the BE limit (of
strong oupling and low densities). However, interest-
ingly, this is due not to the higher energy, but to the
related higher degeneray of the two-body bound state
with l = 2. Thus together these two observations plae
severe onstraints on any interation potential V (r) lead-
ing to pairing with l > 0 in the BE limit.
In our model, the rotational symmetry-breaking is a di-
ret onsequene of a non-monotoni dependene of the
superonduting properties on the fermion density whih
is present only in the BCS regime. Suh rise-and-falls
an be understood in terms of the osillatory form of
the gap funtion in k-spae, whose frequeny is ∼ r−10 ,
and presumably they are generi to interation poten-
tials that are attrative predominantly at a nite dis-
tane. In Refs. 18,41 the possible impliations of our
model to uprate superondutors, on the basis of the
similar behaviour observed in the doping-dependene of
the superonduting gap and the ritial temperature,
were disussed. A similar rise-and-fall has been known
for some time in nulei (see Ref. 42, for example). Of
partiular interest, in onnetion with reent theoreti-
al speulations on superuidity in magnetially trapped
gases of fermioni atoms
43,44,45,46
(for an informal review
and further referenes see Ref. 47), is the possibility that
the present mehanism would lead to exoti pairing for
suiently high densities in these systems. Interestingly,
beause the hange from s- to d-wave pairing is a quan-
tum phase transition, it an take plae at arbitrarily low
temperatures. On the other hand, the density would have
to be raised until rs ∼ r0 (where, in order to ahieve a
phenomenologial desription of the inter-atomi poten-
tial, r0 may be taken to be roughly the size of a diatomi
10
moleule).
In relation to possible future work, we end by not-
ing that we have desribed the ground state of the DSM
in terms of a homogeneous saddle point, and we have
only taken into aount pairing utuations around that
saddle point. In priniple, by performing a more gen-
eral Hubbard-Stratonovih transformation, inluding ad-
ditional elds assoiated with the density (not just the
pairing amplitude), one ould study the eet of den-
sity utuations as well as the possibility of phase sepa-
ration through a rst-order gas-liquid phase transition:
physially, one expets that the attration at a nite
distane ould favour, in addition to the pairing with
l > 0 whih we have onsidered here, the formation of
lusters of more than two partiles (as in lattie mod-
els with nearest-neighbour attration
48
, and unlike those
with on-site attration
8
; for a disussion of the similar
phenomenon of quartetting see Ref. 49; see also foot-
note 19 of Ref. 38). Evidently, this would be very inter-
esting in the light of reent disussions of inhomogeneity
in uprate superondutors
50
.
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Appendix A: EXPANSION OF THE INVERSE
BOSONIC PROPAGATOR
The inverse bosoni propagator in Eq. (21) is given by
Γ−1l,m,l′,m′ (q, iων) =
L3
g
δl,l′δm,m′ − 1
β
∑
n
∑
k
il
′−lΛl,m,l′,m′ (k)×
×G0
(q
2
+ k, iωn
)
G0
(q
2
− k, iων − iωn
)
(A1)
where G0 (k, iωn) ≡ (iωn − εk)−1 (with εk ≡ ε0ε˜k˜) is the
free fermion Green's funtion and the ωn ≡ (2n+ 1)pi/β
are fermioni Matsubara frequenies. The derivation,
starting from Eq. (18), is entirely analogous to that
of the similar expression in Ref. 21, for example. In
Ref. 22, the full frequeny dependene of Γ−1 (q, iων)
was taken into aount to obtain the ritial tempera-
ture of a model featuring the ontat potential. The pro-
edure that we follow here
15,21
yields the same results
in the BCS and BE limits and a muh simpler numer-
ial problem in the rossover regime (where any theory
based on a Gaussian expansion must be regarded as an
interpolation sheme anyway). First we analytially on-
tinue the seond Green's funtion on the right-hand side
of Eq. (A1) with respet to the bosoni Matsubara fre-
queny, G0
(
q
2 − k, iων − iωn
) → G0 (q2 − k, w − iωn) ,
and then we perform the summation over n. Using the
ontour C in Fig. 14 (whih we deform into C1 and C2)
we obtain
Γ−1l,m,l′,m′ (q, w) =
L3
g
δl,l′δm,m′ −
∑
k
il
′−lΛl,m,l′,m′ (k)×
×1− f
(
βεq/2+k
)− f (β [εq/2−k − w])
εq/2+k + εq/2−k − w
(A2)
It is now easy to write a low-frequeny, low-momentum
expansion of the form
Γ−1l,m,l′,m′ (q, iων) ≈ al,m,l′,m′ (β, µ)− idl,m,l′,m′ (β, µ)ων +
∑
i,j=x,y,z
h¯2
2m∗
ci,jl,m,l′,m′ (β, µ)qiqj (A3)
by simply dierentiating with respet to q and
w.57 We nd that the oeients al,m,l′,m′ and
dl,m,l′,m′ are diagonal in l,m, and degenerate
in m: al,m,l′,m′ (β, µ) = al (β, µ) δl,l′δm,m′ and
dl,m,l′,m′ (β, µ) = dl (β, µ) δl,l′δm,m′ . The dimen-
sionless funtions a˜l
(
β˜, µ˜
)
≡ r0ε0L−3al (β, µ) and
d˜l
(
β˜, µ˜
)
≡ r0ε20L−3dl (β, µ) are given by
a˜l
(
β˜, µ˜
)
=
1
g˜
− (−1)l 2
pi
∫ ∞
0
d
∣∣∣k˜∣∣∣ ∣∣∣k˜∣∣∣2 × (A4)
×jl
(∣∣∣k˜∣∣∣)2 1− 2f
(
β˜ε˜
k˜
)
2ε˜
k˜
11
C 1
C C2
Figure 14: The ontours used to perform the summation over
the fermioni Matsubara frequenies ωn in Eq. (A1).
d˜l
(
β˜, µ˜
)
= (−1)l 2
pi
∫ ∞
0
d
∣∣∣k˜∣∣∣ ∣∣∣k˜∣∣∣2 jl (∣∣∣k˜∣∣∣)2 × (A5)
×


1− 2f
(
β˜ε˜
k˜
)
4ε˜2
k˜
+
β˜f ′
(
β˜ε˜
k˜
)
2ε˜
k˜


where we have used the notation f ′ (x) ≡ df (x) /dx and
the dimensionless inverse temperature is β˜ ≡ ε0β. The
oeient in q2 has the form
ci,jl,m,l′,m′ (β, µ) =
1
2
dl (β, µ) δl,l′δm,m′δi,j
+κi,jl,m,l′,m′λl,l′ (β, µ) (A6)
where κi,jl,m,l′,m′ ≡
∫
Σ(1)
d2kY ∗l,m
(
kˆ
)
kˆikˆjYl′,m′
(
kˆ
)
,
whih an be evaluated easily by writing it in terms of the
Gaunt oeients of relativisti quantum mehanis (see
Ref. 51, for example; note in partiular that κi,jl,m,l,m = 0
for all i 6= j) and, nally, λ˜l,l′
(
β˜, µ˜
)
≡ r0ε0λl,l′ (β, µ) is
given by
λ˜l,l′
(
β˜, µ˜
)
= il
′−l 2
pi
∫ ∞
0
d
∣∣∣k˜∣∣∣ ∣∣∣k˜∣∣∣2 jl (∣∣∣k˜∣∣∣) ×
×jl′
(∣∣∣k˜∣∣∣) ∣∣∣k˜∣∣∣2 β˜2f ′′
(
β˜ε˜
k˜
)
2ε˜
k˜
(A7)
The integrands of Eqs. (A4), (A5) and (A7) have no
poles on the domain of integration, and therefore are
straight-forward to evaluate numerially. From ompar-
ison of (A3) to (22) it is evident that the masses and
hemial potentials of the PP are given by
µ˜bl
(
β˜, µ˜
)
= −a˜l
(
β˜, µ˜
)
/d˜l
(
β˜, µ˜
)
(A8)
m˜b,i,jl,m,l′,m′
(
β˜, µ˜
)
=

δl,l′δm,m′ + 2κi,jl,m,l′,m′ λ˜l,l′(
d˜ld˜l′
)1/2


−1
(A9)
where we have introdued the denitions
µ˜bl
(
β˜, µ˜
)
≡ ε−10 µbl (β, µ) and m˜b,i,jl,m,l′,m′
(
β˜, µ˜
)
≡
(2m∗)
−1
mb,i,jl,m,l′,m′ (β, µ) and we have ommitted the
dependene of some of the funtions dened above on
β˜, µ˜ for brevity.
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